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Berry phase, which had been discovered for more than two decades, provides us a very deep
insight on the geometric structure of quantum mechanics. Its classical counterpart–Hannay’s angle
is defined if closed curves of action variables return to the same curves in phase space after a time
evolution. In this paper, we study the Berry phase and Hannay’s angle in a quantum-classical
hybrid system under the Born-Oppenheimer approximation. By quantum-classical hybrid system,
we denote a composite system consists of a quantum subsystem and a classical subsystem. The
effects of subsystem-subsystem couplings on the Berry phase and Hannay’s angle are explored. The
results show that the Berry phase has been changed sharply by the couplings, whereas the couplings
have small effect on the Hannay’s angle.
PACS numbers: 03.65.Vf, 03.65.Ca, 02.40.-k
I. INTRODUCTION
The concept of Berry phase has paved a new way for
understanding quantum physics, it has attracted much
attention since the Berry’s discovery [1–3] and found po-
tential applications in fields ranging from chemistry to
condensed matter physics. Shortly after Berry’s discov-
ery, Simon gave a mathematical interpretation to this
phase that it can be regarded as the holonomy in a Her-
mitian line bundle since the adiabatic theorem naturally
defines a connection in such a bundle[4]. After these
remarkable discoveries, Hannay found that this geomet-
rical phase not only exist in quantum system but also in
classical world [5]. Analogous with the Berry phase, the
angle variable of classical integrable systems [6] acquires
an additional angle shift as the system slowly cycles in
phase space. This angle shift is called Hannay’s angle. It
was later proved by Berry that the geometric phase and
Hannay’s angle possess a natural relation under semi-
classical approximation [7]. As a matter of course, this
quantum-classical correspondence gives rise to many im-
pressive explorations[8–10].
It is known that a quantum Hilbert space carries the
same structure of a classical phase space [1, 6]. By this
virtue, a quantum system can be treated like a classi-
cal system without loss of physics [11, 12]. Particularly
in Ref. [12], the authors introduced a general framework
for testing nonlinear quantum mechanics. In this general-
ized theory, the elements of quantum mechanics, such as
wave functions, observable, symmetries and time evolu-
tion, all can be treated classically. Based on this instruc-
tive work, some interesting efforts have been devoted to
nonlinear quantum system and quantum-classical hybrid
system [13–15]. Here come the questions: Since quantum
mechanics can be put into the framework of classic me-
chanics, can Berry phase be presented into the form of
∗yixx@dlut.edu.cn
Hannay’s angle? What is the Berry phase or Hannay’s
angle of the quantum-classical hybrid system? How does
the subsystem-subsystem couplings affect the Hannay’s
angle and the Berry phase? We shall shed light on these
questions in this paper.
The paper is organized as follows. In Sec. II, we first
represent a quantum system in the framework of clas-
sical theory by Weinberg’s method[12], then we calcu-
late the Hannay’s angle of the quantum system. Next
we compare this Hannay’s angle with the Berry phase
of the original quantum system and find that the Han-
nay’s angle and Berry phase differ only in a sign[14]. An
example is given to show this result. In Sec. III, we
represent a quantum-classical hybrid system in classical
mechanics based on the Born-Oppenheimer approxima-
tion, a unified one-form which can deduce both of the
Berry phase and the Hannay’s angle is given. By this
one-form, we calculated the Hannay’s angles and Berry
phase and study the effect of subsystem-subsystem cou-
plings on the Hannay’s angle. Finally, we conclude our
results In Sec. IV.
II. BERRY PHASE AND HANNAY’S ANGLE
In quantum theory, observables are represented by
Hermitian matrices F or real bilinear functions 〈ψ|Fˆ |ψ〉.
Weinberg has generalized the representation into real
non-bilinear functions f(ψ,ψ∗) to include nonlinearity.
Let {|ϕn〉} be an orthonormal basis of Hilbert space, the
Schro¨dinger equation can be rewritten as:
i~
dψn
dt
=
∂h
∂ψ∗n
, (1)
with |ψ〉 = ∑ψn|ϕn〉, ψ = (ψ1, . . . , ψn, . . . , ψN )T and
h(ψ,ψ∗) is the total energy of the system. If we de-
compose ψn into real and imaginary parts ψn = (qn +
ipn)/
√
2~, the schro¨dinger equation and its complex con-
jugate can be written as Hamiltonian canonical equations
2[11, 12]
q˙n =
∂h
∂pn
, p˙n = − ∂h
∂qn
. (2)
The Hamiltonian function h(ψ, ψ∗) can be transformed
into h(q,p). It is amazing to note that the quantum
hermitian structure becomes the symplectic structure of
classical mechanics, dpn ∧ dqn = i~dψ∗n ∧ dψn.
Now, let us turn to the first question. Consider a
quantum system with N levels, whose Hamiltonian func-
tion h(ψ, ψ∗,X) depends on a set of slowly varying pa-
rameters X = (X1, Y1, . . .) and its quantum state |ψ〉.
By the procedure mentioned above, i.e., by decompos-
ing |ψ〉 with basis {|n〉}, |ψ〉 =∑n ψn(t)|n〉, and setting
ψn(t) = (qn(t) + ipn(t))/
√
2~, we can write the Hamilto-
nian function in terms of ”position variable q” and ”mo-
mentum variable p” as h(p(t), q(t)). Of course, the state
vector |ψ〉 can also be expanded taking the Hamiltonian
eigenstates |Ek(X)〉 as a basis, |ψ〉 =
∑
k ψ
′
k(t)|Ek(X)〉.
By the adiabatic theorem, the occupation probability of
each eigenstate |ψ′k(t)|2 remains unchanged in the adia-
batic limit. One then can introduce a new pair of vari-
ables (θ, I) by
ψ′k(t) =
√
Ik
~
e−iθk , (3)
and write the Hamiltonian function as [12, 14]
h¯ = h¯(I,X) =
∑
k
Ek(X)Ik/~, (4)
whereEk(X) is the eigenvalue of the Hamiltonian Hˆ with
corresponding eigenstate |Ek(X)〉. It has been proved
that the two new variables θ and I satisfy the same
canonical equations as the angle-action variables in clas-
sical mechanics[12],
θ˙k =
∂h¯
∂Ik
, I˙k = 0. (5)
So far, the quantum Hamiltonian Hˆ was transformed into
classical Hamiltonian function h¯(I,X), and the quantum
unitary transformation |Ek(X)〉 =
∑
n Ckn(X)|n〉 turns
out to be a classical canonical transformation (q,p) →
(θ, I).
pn =
∑
k
√
2Ik [cos θkIm(Ckn(X))− sin θkRe(Ckn(X))] ,
qn =
∑
k
√
2Ik [cos θkRe(Ckn(X)) + sin θkIm(Ckn(X))] .
(6)
According to Berry’s theory [7], the Hannay’s angle of
the system can be written as
∆θk(I;X) = − ∂
∂Ik
∮
AH(I;X), (7)
where
AH(I;X) = 〈p(θ, I;X)dXq(θ, I;X)〉θ
=
1
(2π)N
∮
dθ
∑
n
pn(θ, I;X)dXqn(θ, I;X)
(8)
is the angle one-form for Hannay’s angle [17]. The angu-
lar brackets 〈· · · 〉θ denote an averaging over all angles θ,
and dX is defined as dXF (X) =
∂F (X)
∂X · dX. Substitut-
ing Eq. (6) into Eq. (8), we obtain
AH =
∑
k
Ik
∑
n
[i(C∗kn(X)dXCkn(X))]
=
∑
k
iIk〈Ek(X)|dXEk(X)〉 =
∑
k
iIkAB(k;X).
(9)
We note that AB(k;X) is nothing but the one-form for
Berry phase[17], this means that the Hannay’s angles
exactly equal to the minus Berry phases of the original
quantum system [14],
∆θk(I;X) = − ∂
∂Ik
∮
AH = −i
∮
AB(k;X) = −γk(C).
(10)
The appearance of the minus is because the angle vari-
ables of the effective classical system correspond to the
opposite numbers of the phases in Eq. (3). Therefore,
we can choose A(I;X) = AH to be a general one-form
that
∆θk = −γk = − ∂
∂Ik
∮
A(I;X). (11)
To shed more light on the result, we consider the adia-
batic evolution of a spin-half particle with magnetic mo-
ment µ in an external magnetic fieldB. The Hamiltonian
reads
Hˆ = −µσˆ ·B, (12)
where σˆ = (σˆ1, σˆ2, σˆ3) are Pauli Matrices. As aforemen-
tioned, if we choose the two spin eigenstates |±〉 as the
basis, the Hamiltonian in Eq. (12) can be transformed
into a Hamiltonian function
h(p, q;B) =
1
~
[(q1q2 + p1p2)B1 + (p1q2 − p2q1)B2
+
1
2
(p22 + q
2
2 − p21 − q21)B3],
(13)
with |ψ〉 = ψ1|−〉 + ψ2|+〉 and ψj = (qj + ipj)/
√
2~,
(j = 1, 2). The canonical variables (q,p) satisfy the nor-
malization condition [11],
2∑
j=1
(p2j + q
2
j ) = 2~. (14)
It is interesting to note that by defining a vector, S =
(S1, S2, S3), the Hamiltonian function can be written as,
h(S;B) = −µS ·B, (15)
3where 

S1 = (q1q2 + p1p2)/~,
S2 = (p1q2 − p2q1)/~,
S3 =
(
p22 + q
2
2 − p21 − q21
)
/(2~).
(16)
The normalization condition in terms of S is S2 ≡ S21 +
S22 + S
2
3 = 1, and their Poisson bracket has a relation
with the quantum commutator as [11]
{Si, Sj} = 2ǫijkSk/~ = 1
i~
〈ψ|[σˆi, σˆj ]|ψ〉. (17)
Moreover, if we choose |±〉 as the basis, S is nothing but
the Stokes parameters which span the Poincare sphere,


I = |ψ2|2 + |ψ1|2 = S2 = 1,
U = 2Re(ψ2ψ
∗
1) = S1S,
V = 2Im(ψ2ψ
∗
1) = S2S,
Q = |ψ2|2 − |ψ1|2 = S3S.
(18)
We now move to calculate the Hannay’s angle. Since
the Hamiltonian in Eq. (12) has two eingenstates
|E1〉 =
√
B +B3
2B
|+〉+ B1 + iB2√
2B(B +B3)
|−〉,
|E2〉 = −
√
B −B3
2B
|+〉+ B1 + iB2√
2B(B −B3)
|−〉, (19)
with eigenenergies−µB and µB, respectively, where B =√
B21 +B
2
2 +B
2
3 . The canonical transformation (q,p)→
(θ, I) and the transformed Hamiltonian function can be
written as
q1 =
√
2I1
[
B1 cos θ1√
2B(B +B3)
+
B2 sin θ1√
2B(B +B3)
]
+
√
2I2
[
B1 cos θ2√
2B(B −B3)
+
B2 sin θ2√
2B(B −B3)
]
,
q2 =
√
2I1(B +B3)
2B
cos θ1 −
√
2I2(B −B3)
2B
cos θ2,
p1 =
√
2I1
[
B2 cos θ1√
2B(B +B3)
− B1 sin θ1√
2B(B +B3)
]
+
√
2I2
[
B2 cos θ2√
2B(B −B3)
− B1 sin θ2√
2B(B −B3)
]
,
p2 =
√
2I2(B −B3)
2B
sin θ2 −
√
2I1(B +B3)
2B
sin θ1,
h¯(I;B) = µB(I2 − I1),
(20)
with q = (q1, q2), p = (p1, p2), θ = (θ1, θ2) and I =
(I1, I2). Therefore, we obtain the angle one-form by Eq.
(8),
A =
B2dB1 −B1dB2
2B(B +B3)
I1 +
B2dB1 −B1dB2
2B(B −B3) I2. (21)
The Hannay’s angles can thus be obtained by Eq. (11)
∆θ1 = −
∮
B2dB1 −B1dB2
2B(B + B3)
,
∆θ2 = −
∮
B2dB1 −B1dB2
2B(B − B3) , (22)
which differ from the Berry phases for the original quan-
tum Hamiltonian [1] only by a sign.
III. BERRY PHASE AND HANNAY’S ANGLE
IN HYBRID SYSTEM
Based on formalism in the last section, we now turn to
the second question risen in the Introduction. Consider a
hybrid system consisting of a classical and quantum sub-
system, the Hamilton function of this quantum-classical
hybrid system under Born-Oppenheimer approximation
can be written as [15, 19]
Hhybrid = 〈ψ|Hˆ1(Q,X1)|ψ〉+H2(P ,Q;X2), (23)
where |ψ〉 is the state of the fast quantum subsystem.
The Hamiltonian function H2 describes a slow classi-
cal subsystem with momentum P and coordinate Q,
X1 = (X1, Y1, . . .) andX2 = (X2, Y2 . . .) are slowly vary-
ing parameters of the quantum and classical subsystems,
respectively. The subsystem-subsystem coupling is in-
cluded in Hˆ1(Q,X1). Following the procedure given in
the last section, we first choose a basis, then expand the
state |ψ〉 in this basis, next decompose the expansion co-
efficients into real parts q and imaginary parts p, finally
represent the hybrid system by a classical Hamiltonian
function,
H = H1(p, q;Q,X1) +H2(P ,Q;X2). (24)
As known, the Hamiltonian of quantum subsystem
H1(p, q;Q,X1) can be transformed into H¯1(θ, I;Q,X1)
by a canonical transformation (q,p) → (θ, I). But the
new Hamiltonian H¯1 differs from the old one, it takes
[6, 7],
H¯1(θ, I;Q,X1) =H1(I;Q,X1) +
∂S
∂t
=H1(I;Q,X1) + Q˙ ·
(
∂S
∂Q
− p ∂q
∂Q
)
+ X˙1 ·
(
∂S
∂X1
− p ∂q
∂X1
)
,
(25)
where
H1(I;Q,X1) ≡ H1(p(θ, I;Q,X1), q(θ, I;Q,X1);Q,X1),
(26)
and S(q, I;Q,X1) is the generating function of the
transformation and the single-valued function S ≡
S(q(θ, I;Q,X1), I;Q,X1) is introduced to give an ex-
plicit form for H¯1[7]. Since the variablesQ can be treated
4as slowly varying parameters like X1, an average over θ
may be taken to approximate to Eq. (25) [6],
〈H¯1〉θ = H1(I;Q,X1)−Q˙ ·
〈
p
∂q
∂Q
〉
θ
−X˙1 ·
〈
p
∂q
∂X1
〉
θ
,
(27)
where the angular brackets 〈· · · 〉θ denote an averaging
over all angles θ, and the terms Q˙·〈∂S∂Q 〉θ and X˙1 ·〈 ∂S∂X1 〉θ
are dropped for zero contribution to the equations of mo-
tion. Thus, the Hamiltonian of total system can be writ-
ten as
Hav =H1(I;Q,X1) +H2(P ,Q;X2)
− Q˙ ·
〈∑
i
pi
∂qi
∂Q
〉
− X˙1 ·
〈∑
i
pi
∂qi
∂X1
〉
.
(28)
where the first two terms is the effective Hamil-
tonian under Born-Oppenheimer approximation
and the latter two terms are related to the Berry
phase of the quantum subsystem, because the
quantum one-form is defined as A1(I;X1, Q) =
−
(
Q˙ ·
〈∑
i pi
∂qi
∂Q
〉
+ X˙1 ·
〈∑
i pi
∂qi
∂X1
〉)
dt like Eq. (11).
Since I can be treated as a constant in the adia-
batic limit, the Hamiltonian in Eq. (28) only con-
tains the variables of the classical subsystem. There-
fore, we can transform this Hamiltonian into a function
of angle-action variables via the canonical transformation
(Q,P )→ (φ,J). By averaging over φ, we finally obtain
an averaged Hamiltonian for the hybrid system,
〈Hav〉 = H (I,J ;X1,X2) + A(I,J ;X1,X2)
dt
, (29)
with H (I,J ;X1,X2) ≡ H1(I;Q(φ,J ;X1,X2),X1) +
H2(Q(φ,J ;X1,X2),P (φ,J ;X1,X2);X2). According
to classical mechanics [6], the time-dependent canonical
transformation will bring out a geometric term in the
classical Hamiltonian. This together with the quantum
one-form A1, defines a general one-form for the whole
system,
A(I,J ;X1,X2) ≡ 〈A1〉φ−X˙2 ·
〈∑
i
Pi
∂Qi
∂X2
〉
φ
dt. (30)
By this one-form, we can obtain the Berry phases γk and
the Hanny’s angles ∆φl uniformly for the hybrid system
by Eq. (10)
γk =
∂
∂Ik
∮
A, ∆φl = − ∂
∂Jl
∮
A. (31)
To illustrate the result in Eq. (31), we now consider a
spin-half particle in an external magnetic field B coupled
with a classical harmonic oscillator. This model is widely
used since the begining of quantum mechanics (e.g., Ref
[20]). The Hamiltonian for such a system reads
H = 〈ψ|Hˆ1|ψ〉+ (XQ2 + 2Y PQ+ ZP 2), (32)
where Hˆ1 = −µσˆ · B − µλσˆ3Q is the Hamiltonian of
the quantum particle coupled to the magnetic field B ≡
B(cosϕ, sinϕ, 0) with magnetic moment µ and coupling
constant λ, and X = (X,Y, Z) are the time-dependent
parameters of the classical subsystems. The quantum
state |ψ〉 is defined by the spin eigenstates |±〉. I.e., |ψ〉 =
[(q−+ ip−)|−〉+(q++ ip+)|+〉]/
√
2~. It is easy to get the
eigenfunctions |E±〉 and the corresponding eigenvalues
for Hˆ1,
E± = ±µBtot,
|E+〉 = cos Θ
2
|+〉+ eiϕ sin Θ
2
|−〉,
|E−〉 = − sin Θ
2
|+〉+ eiϕ cos Θ
2
|−〉,
(33)
with Btot ≡
√
B2 + λ2Q2 and cosΘ ≡ λQ/Btot. Fol-
lowing the proposed procedures, we transform the quan-
tum Hamiltonian Hˆ1 into a classical form with a canon-
ical transformation (q±, p±) → (θ±, I±), where |ψ〉 =√
I+/~e
−iθ+ |E−〉 +
√
I−/~e
−iθ
− |E+〉. After averaging
over the angles θ±, we obtain
Hav =µBtot(I+ − I−) + A1(I;Q,B)
dt
+
1
2
(XQ2 + 2Y PQ+ ZP 2),
(34)
where
A1(I;Q,B) = −1
2
[I+(1 − cosΘ) + I−(1 + cosΘ)] dϕ
(35)
is the phase one-form for the quantum subsystem. So
far, the Hamiltonian is fully classical and only contains
variables of classical subsystem. It is difficult to derive
the action variable for this Hamiltonian, because the de-
pendence of Btot on Q is complicated. However, in the
weak coupling limit λ≪ |BQ |, the problem becomes easy.
Expanding Btot to the second order in λ,
Btot ≈ B + λ
2Q2
2B
, (36)
we obtain the Hamiltonian in the weak coupling limit,
Hav ≈µB(I+ − I−) + µλ
2Q2(I+ − I−)
2B
+
A1(I;Q,B)
dt
+
1
2
(XQ2 + 2Y PQ+ ZP 2).
(37)
According to Berry’s theory[7], we introduce the canoni-
cal transformation (Q,P )→ (φ, J)
Q =
(
2ZJ
Ω
)1/2
cosφ,
P = −
(
2ZJ
Ω
)1/2(
Y
Z
cosφ+
Ω
Z
sinφ
)
,
(38)
5with Ω ≡ {[X+µλ2(I+−I−)/B]Z−Y 2}1/2. Substituting
Eq. (38) into Eq. (34) and averaging it over φ, we obtain
the Hamiltonian for the hybrid system,
〈Hav〉 = µB(I+ − I−) + JΩ+ A(I, J ;B,X)
dt
, (39)
where the general one-form for the hybrid system is given
by (〈cosΘ〉φ = 0),
A(I, J ;B,X) = − (I+ + I−)
2
dϕ− Y J
2Z
d
(
Z
Ω
)
. (40)
Thus the Berry phases and Hannay’s angle can be given
uniformly by a straightforward calculation
γ± =
∮ [
−1
2
dϕ∓ µλ
2Z2J
4Ω3B
d
(
Y
Z
)]
,
∆φ =
∮
Y
2Z
d
(
Z
Ω
)
. (41)
The range of integration is determined by the common
period of X and B. It is easy to find that when λ = 0,
the Berry phases are the solid angle π on Bloch sphere.
The subsystem-subsystem couplings not only adds a cor-
rection to the Berry phases, but also change range of
integration. Whereas the interaction gives the Hannay’s
angle a modification ω ≡ (XZ − Y 2)1/2 → Ω through Ω.
The second example is a quantum harmonic oscillator
coupled with a classical one. The mean-field Hamiltonian
[19] for this hybrid system is
Hˆ = 〈ψ|Hˆ1|ψ〉+ 1
2
(X2Q
2 + 2Y2PQ+ Z2P
2), (42)
where Hˆ1 =
1
2 [X1qˆ
2+Y1(pˆqˆ+ qˆpˆ)+Z1pˆ
2]+KqˆQ includes
the free Hamiltonian of the quantum subsystem and the
subsystem-subsystem coupling, K is the coupling con-
stant and X1 = (X1, Y1, Z1), X2 = (X2, Y2, Z2) are the
time-dependent parameters of the two subsystems. Sim-
ilar with Ref. [7], the eigenfunctions and eigenvalues of
Hˆ1 are
En =
(
n+
1
2
)
~ω − Z1K
2Q2
2ω2
,
ψn =
√
αχn
(
α
(
q +
KZ1Q
ω2
))
exp
(−iY1q2
2Z1~
)
,
(43)
with ω =
√
X1Z1 − Y 21 , α =
√
ω
Z1~
and the normal-
ized Hermite functions χn(ξ). By the transformation,
(q,p) → (θ, I), we obtain the averaged Hamiltonian by
averaging over the angles θ,
Hav =
∑
n
(n+ 1/2)Inω − Z1K
2Q2
2ω2
+
A1(I;X1, Q)
dt
+
1
2
(X2Q
2 + 2Y2PQ+ Z2P
2),
(44)
where
A1(I;X1, Q)
=
∑
n
In
[
(2n+ 1)Z1
4ω
+
K2Z21Q
2
2~ω4
]
d
(
Y1
Z1
)
(45)
is the phase one-form for the quantum subsystem. Note
that the action variables I are invariant, we can treat
them as constants. After the canonical transformation
(Q,P )→ (φ, J) (elliptic case)
Q =
(
2Z2J
Ω
)1/2
cosφ,
P = −
(
2Z2J
Ω
)1/2 (
Y2
Z2
cosφ+
Ω
Z2
sinφ
)
,
(46)
and substituting Eq. (46) into Eq. (44) as well as av-
eraging over φ, the Hamiltonian of the hybrid system
becomes
〈Hav〉 =
∑
n
(
n+
1
2
)
Inω+JΩ+
A(I, J ;X1,X2)
dt
(47)
with Ω = [ (ω
2X2−Z1K
2)Z2
ω2 − Y 22 ]1/2, and the general one-
form for the hybrid system is
A(I, J ;X1,X2) =
∑
n
In
[
(2n+ 1)Z1
4ω
+
K2Z21Z2J
2~ω4Ω
]
· d
(
Y1
Z1
)
− Y2J
2Z2
d
(
Z2
Ω
)
.
(48)
Therefore the Berry phases and Hannay’s angle can be
given by
γn =
∮ [
(2n+ 1)Z1
4ω
+
K2Z21Z2J
2~ω4Ω
]
d
(
Y1
Z1
)
,
∆φ =
∮ [
Y2
2Z2
d
(
Z2
Ω
)
− K
2Z21Z2
2ω4Ω
d
(
Y1
Z1
)]
. (49)
The limits of the integrals are decided by the common
period of X1 and X2.
Now we take a specific choice of the periodic parame-
ters to see an exact result of our theory. Set

X1 = A1µ1(1 + ǫ cos(ω1t))
Y1 = −A1ǫ sin(ω1t)
Z1 =
A1
µ1
(1− ǫ cos(ω1t))
,


X2 = A2µ2(1 + ǫ cos(ω2t))
Y2 = −A2ǫ sin(ω2t)
Z2 =
A2
µ2
(1− ǫ cos(ω2t))
, (50)
where ω1, ω2 are the frequencies of the parameters, ǫ is
a dimensionless constant and the units of A and µ are
s−1 and kg/s, respectively. If the frequency ratio ω1/ω2
is rational, X1 and X2 have a common period T . After
6a straightforward calculation, we obtain the phases and
angle in Eq. (49) as
γn = γn0 + γI ,
∆φ = ∆φ0 +∆φI . (51)
The noninteracting phases γn0 and angle ∆φ0 are
γn0 =
(2n+ 1)(1−√1− ǫ2)Tω1
4
√
1− ǫ2 ,
∆φ0 = −
∫ T
0
[
ω2ǫ
2 sin2(ω2t)dt
2Ω(1− ǫ cos(ω2t)) +
ǫA2 sin(ω2t)dΩ
2Ω2
]
,
(52)
and the coupling terms follow
γI =
∫ T
0
−ǫω1A2D2J [1− ǫ cos(ω2t)][ǫ− cos(ω1t)]dt
~A1(1− ǫ2)Ω
= −J
~
∆φI ,
(53)
with the definition D ≡ K/(
√
2µ1µ2A1A2(1− ǫ2)) and
Ω = A2
√
1− ǫ2 − 2D2(1− ǫ cos(ω1t))(1 − ǫ cos(ω2t)). If
we take the limit D ≪ √1− ǫ2, Ω ≈ A2
√
1− ǫ2 can
be treated as a constant, γn0 and ∆φ0 then satisfy the
relation,
γn0 ≈ −
(
n+
1
2
)
ω1∆φ0
ω2
, (54)
and the coupling Berry phase and Hannay’s angle can be
approximated as
γI ≈ ǫ
2A2JD
2Tω1
~A1(1− ǫ2)
√
1− ǫ2 ,
∆φI ≈ − ǫ
2A2D
2Tω1
A1(1− ǫ2)
√
1− ǫ2 .
(55)
Considering the elliptic condition (1− ǫ2−2D2(1+ ǫ)2 >
0), we perform numerical calculation for Eq. (52) and(53)
with ǫ =
√
3/2, A1/A2 = 10
8 and J/~ = 1013. The
results are presented in Fig. 1 and Fig. 2.
Fig. 1 shows how the Berry phase of the ground state
changes with K. The original 0 + δ on the horizontal
axis denotes a infinitely small positive number. Because
when K = 0, there is no interaction between the two
subsystems, the range of integration of the phases and
the angle are determined by the period of X1 and X2,
respectively, rather than their common period. The re-
lation between Berry phases and Hannay’s angle γn0 =
(2n+1)Tω1
4 ≈ −
(
n+ 12
)
ω1∆φ0
ω2
agree with the prediction
in Ref. [7], γn = (n +
1
2 )π = −
(
n+ 12
)
∆φ. From the
figure, we can find that the coupling constant K has re-
markable influence on the Berry phase, and as the cou-
pling increases, the influence becomes larger. This means
that the classical subsystem play a role of driving field
for the quantum system. It can also be seen from Fig.
1 that the frequency ratio of the parameters ω1/ω2 can
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FIG. 1: (color online) The Berry phase of the ground state
γ0 as a function of coupling constant K. The parameters
are ǫ =
√
3/2, A1/A2 = 10
8, J/~ = 1013, and ω1/ω2 takes
different values for different lines.
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FIG. 2: (color online) The coupling Hannay’s angle ∆φI as
a function of coupling constant K, with the same parameters
as Fig.1.
change both Berry phase γI and γn0, since it determines
the common period T of the parameters X1 and X2. In
contrast, the Hannay’s angle ∆φI is much smaller than
∆φ0 ≈ −πTω2 as Fig. 2 shows. Therefore, we conclude
that not only a classical system can drive a quantum sys-
tem to obtain a extra Berry phase, but also the quantum
system can react back on the classic system and induce
a correction to the Hannay’s angle. This is because the
quantum system possesses the same structure of the clas-
sical system, and the quantum parallel transport can be
treated as a parallel transport in the effective classical
system. The quantum one-form may also affect the clas-
sical subsystem due to the interaction.
It is worth addressing that this quantum-classical hy-
brid model is different from the full quantum coupled
quantum generalized harmonic oscillator model, since
they possess different structures. For full quantum
7model, the Hamiltonian can be written as
Hˆ =
1
2
[X1qˆ
2 + Y1(pˆqˆ + qˆpˆ) + Z1pˆ
2] +KqˆQˆ
+
1
2
[X2Qˆ
2 + Y2(Pˆ Qˆ+ QˆPˆ ) + Z2Pˆ
2].
(56)
After a canonical transformation for Q and q by(
R1
R2
)
=
(
cosβ sinβ
− sinβ cosβ
)(
q/
√
Z1
Q/
√
Z2
)
, (57)
with
sinβ ≡
[
ω22 − ω21 +
√
(ω21 − ω22)2 + 4K2Z1Z2
2
√
(ω21 − ω22)2 + 4K2Z1Z2
]1/2
,
cosβ =
[
ω21 − ω22 +
√
(ω21 − ω22)2 + 4K2Z1Z2
2
√
(ω21 − ω22)2 + 4K2Z1Z2
]1/2
,
(58)
the frequencies of the two oscillators ω1 ≡ (X1Z1−Y 21 )1/2
and ω2 ≡ (X2Y2 − Y 22 )1/2 change into
Ω1 ≡
√
ω21 + ω
2
2 +
√
(ω21 − ω22)2 + 4K2Z1Z2
2
,
Ω2 ≡
√
ω21 + ω
2
2 −
√
(ω21 − ω22)2 + 4K2Z1Z2
2
.
(59)
The eigenfunctions of Hˆ can be written as the product of
the eigenfunctions of two effective harmonic oscillators,
Ψmn(R1, R2;X1,X2) = ϕ1m(R1;X1,X2)ϕ2n(R2;X1,X2),
(60)
where
ϕkn(Rk;X1,X2) =
(
Ωk
~
)1/4
χn
(
Rk
√
Ωk
~
)
· exp
(
− iY1q
2
2Z1~
− iY2Q
2
2Z2~
)
,
(61)
and χn are the normalized Hermite functions. Inserting
Eq. (60) into Eq. (9) and Eq. (10), we obtain the one-
form and the phase
ABmn =
−iZ1
4
[
(2m+ 1) cos2 β
Ω1
+
(2n+ 1) sin2 β
Ω2
]
d
(
Y1
Z1
)
− iZ2
4
[
(2m+ 1) sin2 β
Ω1
+
(2n+ 1) cos2 β
Ω2
]
d
(
Y2
Z2
)
,
(62)
γmn = i
∮
ABmn
=
∮ {
Z1
4
[
(2m+ 1) cos2 β
Ω1
+
(2n+ 1) sin2 β
Ω2
]
d
(
Y1
Z1
)
+
Z2
4
[
(2m+ 1) sin2 β
Ω1
+
(2n+ 1) cos2 β
Ω2
]
d
(
Y2
Z2
)}
.
(63)
It is easy to find that when there is no interaction be-
tween the two oscillators (K = 0), the Berry phase in
Eq. (63) returns back to a sum of the Berry phases of
two generalized harmonic oscillator[7],
γmn =
∮
(2m+ 1)Z1
4ω1
d
(
Y1
Z1
)
+
∮
(2n+ 1)Z2
4ω2
d
(
Y2
Z2
)
.
(64)
If qˆ denotes the coordinate of a light particle and
Qˆ the coordinate of a heavy one, we can take Born-
Oppenheimer approximation, treating the heavy particle
coordinate Qˆ as a parameter for the light particle, the
Hamiltonian for the light particle then takes,
Hˆ1 =
1
2
[X1qˆ
2 + Y1(pˆqˆ + qˆpˆ) + Z1pˆ
2] +KqˆQ. (65)
Its eigenfunctions ψn(q;Q,X1) and eigenvalues
En(Q,X1) are given by Eq. (43),
En =
(
n+
1
2
)
~ω − Z1K
2Q2
2ω2
,
ψn =
√
αχn
(
α
(
q +
KZ1Q
ω2
))
exp
(−iY1q2
2Z1~
)
,
(66)
with ω =
√
X1Z1 − Y 21 and α =
√
ω
Z1~
. Note thatEn(Q)
enters into the Hamiltonian for the heavy particle as a
potential, Hamiltonian for the heavy particle then takes,
Heffn =
1
2
[X2Qˆ
2 + Y2(Pˆ Qˆ+ QˆPˆ ) + Z2Pˆ
2] + En(Q,X1).
(67)
The eigenvalues and eigenfunctions of the effective
Hamiltonian can be calculated straightforwardly,
Eeffmn (X1,X2) =
(
m+
1
2
)
~Ω+
(
n+
1
2
)
~ω,
ϕm(Q;X1,X2) =
√
α′χm(α
′Q) exp
(−iY2Q2
2Z2~
)
,
(68)
where the effective frequency is defined by Ω =
[ (ω
2X2−Z1K
2)Z2
ω2 −Y 22 ]1/2 and α′ =
√
Ω
Z2~
. Eeffmn (X1,X2),
(m,n = 1, 2, 3, ...) are the eigenvalues of the total Hamil-
tonian, the corresponding eigenvectors are
Ψtotmn(q,Q;X1,X2) ≈ ϕm(Q;X1,X2)ψn(q;Q,X1).
(69)
Therefore, the Berry phase of the total system can be
calculated by Eq. (9) and Eq. (10) as
γmn =
∫ ∫
dqdQ
∮
ψ∗n(q;Q,X1)ϕ
∗
m(Q;X1,X2)
· dX [ϕm(Q;X1,X2)ψn(q;Q,X1)]
=
∮ {[
(2n+ 1)Z1
4ω
+
(2m+ 1)K2Z21Z2
4ω4Ω
]
d
(
Y1
Z1
)
+
[
(2m+ 1)Z2
4Ω
]
d
(
Y2
Z2
)}
.
(70)
8Interestingly, if we take the Bohr-Sommerfeld quantiza-
tion rule J = (m+ 1/2)~ [7, 21] into account and notice∮
d(Y2/Ω) = 0, the contribution of γmn to the Berry
phase for the light particle (the first two term in Eq.
(70)) exactly matches the Berry phase for our quantum-
classical hybrid oscillator in Eq.(49), and the contribu-
tion to the Berry phase for the heavy particle (the sec-
ond two term in Eq. (70)) satisfies ∆φ = −∂γmn/∂m (see
Ref. [7]), where the Hannay angle takes Eq.(49). This is
exactly the relation between Berry phase and Hanney’s
angle. The description for quantum and classical system
is different in physics. To treat them uniformly, we apply
the Weinberg’s theory and express the quantum subsys-
tem classically. Since the classical particle is much heav-
ier than the quantum particle, the Born-Oppenheimer
approximation turns to be a good approximation for this
problem, the predictions made in this paper are reason-
able.
IV. CONCLUSION
The Berry phase and Hannay’s angle in coupled
quantum-classical hybrid systems have been studied in
this paper. To calculate uniformly the Berry phase and
Hannay’s angle, we introduced a one-form connection,
by which we obtain both of the Berry phase and the
Hannay’s angle for the hybrid system. In this sense, the
Berry phase and Hannay’s angle in the quantum and clas-
sical subsystem can be treated uniformly. To illustrate
the formalism, we give two examples. The first exam-
ple is a spin-half particle coupled to a classical oscillator.
In the second example, we calculated the Berry phase
and the Hannay’s angle for two couple oscillators, one of
which is quantum while another is classical. The effects
of subsystem-subsystem coupling on the phase and an-
gle are given and discussed. The results show that the
classical subsystem provides the quantum subsystem an
large correction to the Berry phase, while the quantum
subsystem gives the classical Hannay’s angle a small per-
turbation. These predictions depend on the feature of
quantum-classical hybrid system and their mutual inter-
actions. We also found that the frequency ratio affects
the phases and the angle, since it can control the evo-
lution periods of the quantum and classical subsystems.
Finally, we have calculated the Berry phase for a fully
quantum version of the two coupling system.
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